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1
Introduction
In this paper we study the universal Severi variety of irreducible curves of a fixed geometric
genus h and in a fixed linear system on a primitively polarized K3 surface of genus g, with
g > 2 assumed throughout. This work is an edited version of my Master’s Thesis “Rational
Curves on K3 Surfaces” at the Universita¨t Bonn, Germany.
Let S be a projective surface over C and let M ∈ Pic(S) be an effective line bundle. Then
let Vh(S,M) be the fine moduli space parametrising irreducible, nodal curves of geometric
genus h in the linear system |M |. We call Vh(S,M) the Severi variety of genus h curves in
S.
The spaces Vh(S,M) are classical objects, which were first studied by Severi in the case
S = P2. There are two natural questions which immediately arise. Firstly, one would like
to know whether the space Vh(S,M) is smooth. Secondly, one may ask whether the space
Vh(S,M) is irreducible.
The first question is in general easier than the second. For example the space Vh(S,M)
is known to be smooth if S is either the plane P2, a del Pezzo surface, a K3 surface or an
Enriques surface. There are, however, examples of surfaces S ⊆ P3 where Vh(S,M) is not
smooth, see [CC99].
The second question is harder. The case S = P2 was first stated by Severi, who famously
gave an incorrect proof that Vh(P2,M) was irreducible. A correct proof was given by Harris
[Har86]. The case where S is a del Pezzo surface and h = 0 was dealt with by Testa in his
doctoral thesis [Tes05], where it is shown that V0(S,M) is empty or irreducible so long as
the degree of the del Pezzo surface is not one. In case the degree is one, the result holds if
the del Pezzo surface is generic and M is not the anticanonical bundle.
When S is a generic K3 surface with Picard group Pic(S) ' Z and M ∈ Pic(S) effective
and primitive, then the space V0(S,M) consists of finitely many points, the number of which
is given by the Yau–Zaslow formula [Bea97]. In particular, the Severi variety of rational
curves in S is not irreducible. On the other hand, if h 6= 0, then little is known about the
irreducibility of Vh(S,M) with h 6= 0 and S a generic K3 surface. If the geometric genus
h of the curves is sufficiently high with respect to the genus g of the K3 surface, then the
irreducibility of the Severi variety can be shown. In Appendix A we will use the Hilbert
scheme of points and the notion of a k-very ample line bundle to prove that Vh(S,M) is
irreducible for 5g−1
6
≤ h ≤ g (with S a generic K3 surface and M primitive).
Instead of working with one fixed K3 surface, we may consider the moduli stack Bg of
primitively polarized K3 surfaces of genus g, with g > 2. So then Bg parametrises all pairs
(S,M) with S a K3 surface and M ∈ Pic(S) an ample and primitive line bundle such that
(M ·M) = 2g − 2. Let U ⊆ Bg denote the open substack of polarized K3 surfaces (S,M)
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such that Vh(S,M) nonempty. Denote by Vgh,k the stack over U with fibre over (S,M) given
by Vh(S, kM). We call this space the universal Severi variety of genus h curves in the linear
system |kM | on primitively polarized K3 surfaces (S,M) of genus g.
The space Vgh(S, kM) is studied in [Ded09], where it appears in relation to the study
of self-rational maps of K3 surfaces. Once again, we may ask whether or not this space
is smooth and/or irreducible. The first question is answered in the positive in [FKPS08].
Regarding the second question, the following conjecture has been made:
Conjecture 0.0.1. The universal Severi variety Vgh,k is irreducible.
It was shown by Dedieu that this conjecture would imply that there are no self-rational
maps S 99K S of degree ≥ 2 on a generic K3 surface S with Pic(S) = Z. A proof of the
conjecture for g < 12 appears in the recent paper [CD]. The nonexistence of self-rational
maps of degree ≥ 2 on generic K3 surfaces has since been proven using a different approach
by X. Chen, see [Che].
We will primarily concern ourselves with the rational case, i.e. the case h = 0. In this
case the fibres V0(S, kM) are generically equal to finitely many isolated points, and hence
they are not irreducible. It is still, however, perfectly possible that the universal space Vg0,k
is irreducible. In fact, in Section 1.1 we will prove the irreducibility of V30,k, i.e. the case of
rational curves on quartic surfaces, for the first few values of k.
Since Vg0,k is smooth, it would be sufficient to prove that this space is connected, in order
to establish Conjecture 0.0.1 for the case h = 0. Unfortunately, this is very difficult to do,
at least via explicit computations. This is due to the simple reason that one does not have
a good description of the open, dense substack U ⊆ Bg. Many of the simplest examples of
polarised K3 surfaces are not contained in this stack; for instance, an elliptic K3 surface with
Picard number two polarised by a primitive, ample class does not live in this space. Indeed,
any rational curve in a primitive, ample class on such an elliptic K3 surface is reducible.
Since a standard approach to dealing with the moduli space of K3 surfaces is to first prove
the result on the dense subspace of elliptic surfaces and then extend the result, this example
is somewhat troubling.
In order to rectify this problem, we will in Section 1.3 drop the condition that the rational
curves are irreducible and nodal. We will consider the stack |M| over Bg with fibre over
(S,M) given by the complete linear system |M |, and look at the closure of Vg0,1 in |M|, which
we denote by Vg0,1. The advantage of this space is that we can now give many examples of
points in Vg0,1. In fact let S → P1 be an elliptic K3 surface with generic fibre E and section
T . Suppose that S has either 24 nodal singular fibres or 12 cuspidal singular fibres, and let
N be any singular fibre. Then the (nonreduced) curve T + gN ∈ |T + gE| is rational, and
further one has (T + gN, S, T + gE) ∈ Vg0,1.
Conjecture 0.0.1 for h = 0 is then equivalent to the statement that V0,1 is irreducible.
The main result of this thesis is the following:
Theorem 0.0.2. The space Vg0,1 is connected for all g > 2.
Note that this does not resolve the conjecture completely, since the space Vg0,1 might no
longer be smooth. It is reasonable to hope that a more detailed study of the scheme structure
of Vg0,1 would establish irreducibility and thereby resolve the conjecture in this case.
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The idea behind our proof is very simple. Let (S,M) be a primitively polarized K3
surface of genus g and C ∈ |M | a rational curve, and assume that (C, S,M) ∈ Vg0,1. Then
as a first step we will deform (C, S,M) to a rational curve on an elliptic K3 surface with 12
cuspidal fibres. The second step is to show there exists a path in Vg0,1 connecting any two
rational curves on elliptic K3 surfaces with 12 cuspidal fibres. This is achieved by explicit
constructions of the required paths.
Acknowledgements. This work was funded by a Qualification Scholarship from Bonn
International Graduate School in Mathematics (BIGS). I am most grateful to my supervisor,
Professor Daniel Huybrechts, who introduced me to the topic and generously spent many
hours discussing the various intricacies of K3 surfaces with me.
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Chapter 1
The Universal Severity Variety of
Rational Curves on K3 Surfaces
Before we go further, we need to recall the basic results on the construction of Severi varieties
on rational curves. Let S be a smooth K3 surface with a a primitive, ample line bundle L
such that (L · L) = 2g − 2. Recall from [Tan82] that there is a smooth variety Vh(S, kL)
parametrising nodal, irreducible curves with fixed geometric genus h in the linear system
|kL|. The variety Vh(S, kL) is either empty or of dimension h. Note that any curve C ⊆ S
in |L| has fixed arithmetic genus 1 + k2(g − 1); hence if C is nodal and irreducible then C
has geometric genus h if and only if it has 1 + k2(g − 1)− h nodes. So fixing the geometric
genus is equivalent to fixing the number of nodes.
The above results can be relativised to deal with families of primitively polarised K3
surfaces, see for example [FKPS08]. Let Bg denote the Deligne–Mumford stack parametrising
primitively polarised K3 surfaces of genus g. Then there is an algebraic stack Vgh,k → Bg
with fibre over (X,L) ∈ Bg given by Vh(X, kL). In the case of genus zero, the stack Vgh,k is
Deligne–Mumford and the morphism Vg0,k → Bg is smooth.
We can avoid the use of stacks in the following way. Let p(t) = (g − 1)t2 + 2 and
N = P (3) − 1. There is an open subscheme Wg of a Hilbert variety parametrising pairs
(Z,L) with Z ⊆ PN a closed subscheme and L ∈ Pic(Z) a line bundle such that (Z,L)
is a primitively polarised K3 surface of genus g and OPn(1)|Z ' L3, by [And96, Sect. 2.3]
and [Ols04, Lem. 6.18]. Further, Wg is a smooth and irreducible variety, which comes
equipped with a universal family g : X → Wg and a line bundle L ∈ Pic(X ) such that
for all t ∈ Wg, (Xt,Lt) is a primitively polarized K3 surface. There is, moreover, a variety
|kL| → Wg with fibre over t ∈ T given by |kLt|, and there is a locally closed subscheme
M g0,k of |kL| parametrising irreducible, nodal curves of geometric genus zero. We have
an obvious PGL(N + 1) action with finite stablizers on Wg and on M
g
0,k such that the
projection M g0,k → Wg is PGL(N + 1) equivariant. The quotient stack Wg/PGL(N + 1) is
then isomorphic to Bg and further Vg0,k 'M g0,k/PGL(N +1)→ Bg. Moreover, the proof that
the morphism of stacks Vg0,k → Bg is smooth also shows the smoothness of the projection
morphism M g0,k → Wg. Obviously, the connectedness or irreducibility of M g0,k would imply
that Vg0,k is connected, resp. irreducible.
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1.1 The moduli space of rational curves on quartic sur-
faces
In this section we study the moduli space of nodal, rational curves on K3 surfaces with genus
three. In this case the K3 surfaces are quartic surfaces in P3. We prove the first two cases
completely and obtain partial results for the third. The key result we use here is the fact
that the Severi variety of rational curves on a Del Pezzo variety is always irreducible (with
one simple exception), see [Tes05].
Let X ⊆ P3 be a smooth, quartic surface. The space U of such surfaces gives a dense, open
subset of |OP3(4)|. Let L be an ample line bundle on X. If X is generic, then Pic(X) ' Z
and the ample line bundle L is of the form OP3(l)|X by Max Noether’s Theorem. From now
on we drop the P3 from the notation and write O(m) for the line bundle OP3(m). We are
interested then in the irreducibility of the moduli space of pairs:
Ml := {(X,C) | X ∈ U , C ∈ |OX(l)| a rational, irreducible, nodal curve}.
Let Q ⊆ U×P3 be the universal smooth quartic hypersurface with projection k : Q → U .
We may then viewMl as a smooth subvariety of the projective bundle Proj(Sym(k∗(OP3(l)|Q))∗).
This is a projective bundle over U which has fibre over X isomorphic to P(H0(OX(l))).
Lemma 1.1.1. Assume l ≤ 3. Then there is an isomorphism
h : Proj(Sym(k∗(OP3(l)|Q))∗)→ U × |O(l)|.
Proof. Consider the short exact sequence on P3
0→ O(−4)⊗O(l)→ O(l)→ OX(l)→ 0
where X is a quartic surface. For l ≤ 3, taking the associated long exact sequence of
cohomology gives us an isomorphism
H0(O(l)) ' H0(OX(l))
induced by the restriction morphism. This lifts to the desired isomorphism h. To be pre-
cise, let j : U × P3 → P3 be the projection. Then h is induced by the isomorphism
(k∗j∗OP3(l)|Q)∗ → (k∗j∗OP3(l))∗, since Proj(Sym(k∗j∗OP3(l))∗) ' U × |O(l)| (this last
step comes about from the fact that k∗j∗OP3(l) is the trivial bundle on U of rank equal
to dimH0(P3,OP3(l))).
Lemma 1.1.2. Let S ∈ |O(l)| be an integral hypersurface and let WS denote the Severi
variety of irreducible, rational, nodal curves on S in the linear system |OS(4)|. Assume WS
is nonempty. Then dim(WS) = 11 for l = 1 and dim(WS) = 15 for l = 2.
Proof. For l = 1, WS is the Severi variety of irreducible, rational, nodal plane curves P1 → P2
of degree four. So in this case it is elementary to see that WS is irreducible and smooth with
dim(WS) = 11.
For l = 2 we have two cases to consider. Firstly, there is the case where S is smooth. Then
S is an irreducible, smooth, projective rational surface with anti-ample canonical bundle
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KS = OS(−2). Hence by [Tan80] we have WS is smooth of dim(WS) = −(KS ·O(4))−1 = 15.
Next, suppose S ⊆ P3 is an integral, but singular, quadric surface. From Jacobi’s Theorem,
the only quadratic forms in four variables are, up to projective equivalence,
0, x20, x
2
0 + x
2
1, x
2
0 + x
2
1 + x
2
2, x
2
0 + x
2
1 + x
2
2 + x
3
3.
The only forms from this list which define irreducible surfaces are x20 + x
2
1 + x
2
2 and x
2
0 +
x21 + x
2
2 + x
2
3. The latter defines a smooth quadric surface, whereas the first of these defines
a conic quadric with a singular point at the vertex v = [0 : 0 : 0 : 1]. So we assume that S
is such a conic quadric. Now, following [Har77, p. 374, ex. 2.11.4], blowing up at v produces
a smooth, rational ruled surface S ′ over P1 and a birational map f : S ′ → S which is an
isomorphism outside of f−1(v) = E and with E a smooth, rational section P1 → S ′ satisfying
(E · E) = −2. The Severi variety WS of irreducible, rational, nodal curves with associated
line bundle L := OS(4) can be stratified as WS = W1 unionsqW2 with W1 the closed subset of
irreducible, rational curves in |L| which pass through v and W2 = WS −W1. We claim that
Wi is either empty or has dimension 15 for i = 1, 2, from which it follows that dim(W ) = 15.
We start by identifying W1 and W2 with Severi varieties on S
′. If C ∈ W1, then f−1(C)
has the form C ′+mE for some positive integer m > 0 and with C ′ ∈ |f ∗(L)−mE| irreducible
and rational. Let Ym denote the space of irreducible, rational curves in |f ∗(L) −mE|. We
can then identify W1 with the countable union
∐
m≥1
Ym. Likewise, we can identify W2 with the
space of irreducible, rational curves in |f ∗(L)|. Let F ⊆ S ′ be a fibre of the ruling S ′ → P1;
we then have that E,F generate Pic(S ′) and (F ·F ) = 0, (F ·E) = 1. The canonical bundle
of S ′ is given by KS′ = −2E − 4F from [Har77, p. 374, Cor. 2.11]. The obvious relations
(f ∗(O(1)) · f ∗(O(1))) = 2, (f ∗(O(1)) · E) = 0 readily give that f ∗(O(1)) = 2F + E and so
f ∗(L) = 4(2F + E). Noting that (f ∗(L) − mE · F ) = 4 − m < 0 for m > 4, we actually
have that Ym is empty for m > 4 and so W1 is a finite union
∐
1≤m≤4
Ym. For any rational
surface Z and line bundle T ∈ Pic(Z) with (T ·KF ) < 0, the Severi variety of irreducible,
rational curves in |T | is either empty or of dimension −(T ·KF )−1, see [Tan80]. We calculate
−(f ∗(L)−mE ·KS′) = 16 = −(f ∗(L) ·KS′) and hence dim(Yi) = 15 and dim(W2) = 15, so
long as Yi, resp. W2, are nonempty. Thus WS has dimension 15.
Now consider the morphism p := pr2 ◦ h−1|Ml : Ml → |O(l)|, which is defined for
l = 1, 2, 3.
Theorem 1.1.3. Assume l ∈ {1, 2}. Then the morphism p is flat. Further, the generic fibre
of p is irreducible. Hence Ml is irreducible for l = 1, 2.
Proof. We will make use of the following result from [Gro65, prop. 6.1.5]: suppose f : X → Y
is a morphism between locally Noetherian schemes with X Cohen–Macaulay and Y regular,
and further suppose that for each x ∈ X the dimension of the scheme theoretic fibre Xf(x)
is constant of dimension dimxX − dimf(x) Y . Then f is flat.
Since Ml and |O(l)| are smooth, it is enough to show that nonempty fibres of p have
constant dimension
dim(Ml)− dim(|O(l)|) = dim(|O(4)|)− dim(|O(l)|) = 34−
(
l + 3
3
)
+ 1
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(there are only finitely many rational curves in any linear system on a K3 surface, so that
dim(Ml) = dim(|O(4)|)). Let S ∈ |O(l)| lie in the image of p. The fibre (Ml)S over S can
be identified with the subspace of |O(4)| consisting of smooth quartics X with X ∩ S an
irreducible, rational, nodal curve. For this to be nonempty, we must have that S is integral.
Now let WS denote the space of irreducible, rational, nodal curves on S in the linear
system |OS(4)|. We have a morphism t : (Ml)S → WS, X 7→ X ∩ S. Let C ∈ WS represent
an irreducible, rational, nodal curve. Then we may view the fibre t−1(C) as an open subset
of P(Ker(H0(O(4))) → H0(OC(4))). Since C is a complete intersection of a quartic and a
hypersurface of degree l, the restriction morphism H0(O(4))→ H0(OC(4)) is surjective, see
for example [Liu02, p. 206, ex. 3.3]. Further, an easy calculation gives dim(Ker(H0(O(4)))→
H0(OC(4))) = 21 for l = 1 and dim(Ker(H0(O(4))) → H0(OC(4))) = 11 for l = 2. So
the fibres of p are of constant dimension dim(WS) + 20 = 31 = 35 −
(
4
3
)
for l = 1 and
dim(WS) + 10 = 25 = 35−
(
5
3
)
for l = 2; and hence we have shown flatness of p.
Now let S ∈ |O(l)| be generic; then S corresponds to a smooth surface. In this case
WS is smooth and irreducible, since for l = 1, S is a plane P2, and for l ∈ {2, 3}, S
is a Del Pezzo surface (and not the one exception of Testa’s paper). See [Tes05] for the
proof in the Del Pezzo case. The morphism t : (Ml)S → WS, X 7→ X ∩ S constructs
the fibre of p as an open set of the projective bundle over WS with fibre over C given by
P(Ker(H0(O(4)))→ H0(OC(4))). Hence the generic fibre of p is irreducible as required.
Remark. A smooth cubic hypersurface in P3 is still a Del Pezzo surface, so the above argu-
ments show that the space
M03 :={(X,S) | X ∈ |O(4)| smooth, S ∈ |O(3)| smooth cubic surface
with X ∩ S a rational, irreducible, nodal curve}
is irreducible. The problem is that it is not clear that M03 ⊆ M3 is dense. The biggest
difficulties come from nonnormal cubic surfaces, which can have much larger Severi varieties
than smooth cubic surfaces.
1.2 The moduli space of stable maps
In this section we will review the moduli space of stable maps. We will need this theory in
order to study deformations of rational curves.
Let C be a scheme of dimension one, proper over k = C. We define the arithmetic genus
to be pa(C) := H
1(C,OC). We call C a prestable curve if it satisfies the following conditions
1. pa(C) = 0.
2. C is reduced and connected with at worst nodes.
Note that if Ck is any component of a prestable curve C then pa(Ck) = 0, so that Ck is a
smooth rational curve.
Recall the following definition.
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Definition 1.2.1. Let S be a Noetherian scheme over k = C, X a projective scheme over
S, and let H be an S ample divisor on X. A stable map of degree d over U is a pair
(σ : C → U, f : C → X ×S U) where U is an S scheme and f and σ are morphisms subject
to the conditions
1. σ is flat and proper and p2 ◦ f = σ where p2 : X ×S U → U is the projection.
2. For each closed point Spec(k)→ U , Ck is a prestable curve and (fk∗Ck ·Hk) = d, where
fk : Ck → Xk is the induced map.
3. Let Spec(k) → U be a closed point and let Zk be a component of Ck such that the
induced map fk : Ck → Xk maps Zk to a single point. Then Zk must intersect at least
three other components of Ck.
One may construct a moduli space parametrising stable maps into a projective scheme.
The following is shown in [AK03, ch.10].
Proposition 1.2.2. Let S be a Noetherian scheme over C, and let X be a projective scheme
over S. Let H be an S ample line bundle on X. Then there is a scheme T (X/S, d) which is
a coarse moduli space for the functor Fd. Further, the scheme T (X/S, d) is projective over
S.
We would like to develop some results about the deformations theory of maps. In the
characteristic p case, the required results appear in [BHT], but the proof essentially remains
true in characteristic zero (and in fact is slightly simpler). We repeat the results here for
lack of a suitable reference.
Let X be a K3 surface and let f : C → X be a generically unramified rational stable
map, i.e. a morphism such that f is unramified when restricted to the generic points of
the irreducible components of C. In characteristic zero, this simply means that for each
component Ck of C, f(Ck) is not a point. We define T
i
C = Ext
i(Ω1C ,OC). Note that if C is
a smooth rational curve then we have T iC = H
i(C, TC) where TC is the tangent bundle, and
we also have a short exact sequence 0→ TC → f ∗(TX)→ Nf → 0, where Nf is the normal
sheaf. In particular
χ(TC) + χ(Nf ) = χ(f
∗TX).
We will now show that the above equation can be generalised to the case of a generically
unramified rational stable map f : C → X. For such a map f , the complex RHomOC (Ω•f ,OC)
is supported in degree one, where Ω•f is the complex df
t : f ∗ΩX → ΩC supported in degrees
−1 and 0, see [BHT, Lemma 12]. The degree one term of RHomOC (Ω•f ,OC) is defined to
be the normal sheaf Nf . We warn the reader that this is not the same sheaf as the cokernel
of the injective map TC → f ∗(TX) which is sometimes defined to be normal sheaf of f . In
particular, Nf for us is locally free when f is unramified, but the latter sheaf is never locally
free for singular C.
Lemma 1.2.3. Let f : C → X be a generically unramified rational stable map to a K3
surface. Then dimT 0C − dimT 1C + χ(Nf ) = χ(f ∗TX).
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Proof. We use the calculations of [BHT, Lemma 12] for a generically unramified morphism.
In particular we have ExtqOC (f ∗Ω1X ,OC) = 0 for q > 0 and Extq(Ω1C ,OC) = 0 for q > 1. Now
look at the local to global spectral sequence
Hp(C, Extq(Ω1C ,OC))⇒ Extp+q(Ω1C ,OC).
This sequence consists of only four terms, namely E0,0 = H0(C,Hom(Ω1C ,OC)), E0,1 =
H0(C, Ext1(Ω1C ,OC)), E1,0 = H1(C,Hom(Ω1C ,OC)) and E1,1 = H1(C, Ext1(Ω1C ,OC)). In
particular, all differentials on the E2 level are trivial. Hence we get H
1(C, Ext1(Ω1C ,OC)) '
Ext2(Ω1C ,OC) = 0, since Ω1C admits a locally free resolution 0 → E1 → E0 → Ω1C →
0, (see [BHT, Lemma 12]). Next, we get Hom(Ω1C ,OC) ' H0(C,Hom(Ω1C ,OC)) and
Ext1(Ω1C ,OC)) ' H0(C, Ext1(Ω1C ,OC))⊕H1(C,Hom(Ω1C ,OC)) where the last isomorphism
is non-canonical.
Now look at the local to global spectral sequence
Hp(C, Extq(f ∗Ω1X ,OC))⇒ Extp+q(f ∗Ω1X ,OC).
This sequence has only two terms, H0(C,Hom(f ∗Ω1X ,OC)) and H1(C,Hom(f ∗Ω1X ,OC)).
Hence we see that Hom(f ∗Ω1X ,OC)) ' H0(C,Hom(f ∗Ω1X ,OC)) and Ext1(f ∗Ω1X ,OC)) '
H1(C,Hom(f ∗Ω1X ,OC)). Further, from [BHT, Lemma 12], we have the following two short
exact sequences of sheaves on C:
0→ Hom(Ω1C ,OC)→ Hom(f ∗Ω1X ,OC)→ Hom(f ∗Ω1X ,OC)/Hom(Ω1C ,OC)→ 0 (1.1)
and
0→ Hom(f ∗Ω1X ,OC)/Hom(Ω1C ,OC)→ Nf → Ext1(Ω1C ,OC)→ 0. (1.2)
The result now follows from the additivity of the Euler characteristic χ and the above short
exact sequences.
We now wish to describe the deformation theory of a generically unramified stable map
to a K3 surface. As above let f : C → X be a morphism, and let Def(f) be the functor
of deformations of f , see [Ran89]. Here we are allowing both the domain C and the target
X to deform. Denote by T 0f , T
1
f , and T
2
f the complex vector spaces parametrising infinites-
imal automorphisms, deformations and obstructions respectively. Let Def(X) be the 20
dimensional, universal deformation space of the K3 surface X.
Proposition 1.2.4. Assume f : C → X is a generically unramified stable map to a smooth
K3 surface and let Nf be the normal sheaf to f . Then T
0
f = 0. Further dimT
1
f − dimT 2f =
χ(Nf ) + dim(Def(X)).
Proof. We follow the notation of [Ran89]. Since X is assumed smooth we have that f ∗Ω1X is
locally free and so Lqf ∗Ω1X = 0 for q > 0 where L
qf ∗ denotes the left-derived functors of f ∗.
Hence the spectral sequence ExtpC(L
qf ∗Ω1X ,OC) ⇒ Extif (Ω1X ,OC) gives Ext0f (Ω1X ,OC) =
H0(C, f ∗TX) and Ext1f (Ω
1
X ,OC) = H1(C, f ∗TX). Write T iC for Exti(Ω1C ,OC) and T iX for
H i(X,TX). Then, by [Ran89, Sect.2] we get a long exact sequence
0→ T 0f → T 0C → H0(f ∗TX)→ T 1f → T 1C ⊕ T 1X → H1(f ∗TX)→ T 2f → 0 (1.3)
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since T 0X and T
2
X vanish for a K3 surface and Ext
2(Ω1C ,OC) = 0 from the proof of Lemma
1.2.3. The sequence 1.1 from the proof of the previous lemma gives us that the map
T 0C → H0(C, f ∗TX)
is injective and hence T 0f = 0, so that Def(f) admits no infinitesimal automorphisms. Thus
taking the Euler characteristic of 1.3 shows
dimT 0C − dimT 1C + dimT 1f − dimT 2f + dimT 1X = χ(f ∗TX).
Combining this with Lemma 1.2.3 gives the result, noting that dim(Def(X)) = dimT 1X .
We now let X → Def(X) be the universal deformation of a K3 surface, and let Def(X,L)
denote deformations of the polarised K3 surface (X,L). Then Def(X,L) ⊆ Def(X) has
codimension one. Fix some Hodge class B ∈ Λ, where Λ is the K3 lattice. As in the proof
of [BHT, Thm.19] or from [AV02, Sect.8] we can construct a stack T (X/Def(X), B), proper
over Def(X), parametrising families of stable curves f : C → Y with Y ∈ Def(X) and such
that f∗(C) = B ∈ Λ.
In the next lemma we assume that f is unramified in the stronger sense (and not merely
generically unramified).
Corollary 1.2.5. Let f : C → X be an unramified, stable map with f∗(C) = B ∈ Λ. Then
every irreducible component I of T (X/Def(X), B) containing f surjects onto Def(X,L).
Proof. The obstructions and deformation spaces of the functor Def(f) correspond to those
of T (X/Def(X), B). Indeed an element of Def(f)(S) over a pointed analytic space (S, 0)
consists of flat families g : C˜ → S and h : X˜ → S and an S-morphism f˜ : C˜ → X˜ with
fibre over 0 ∈ S corresponding to f : C → X. Under these circumstances, there is a small
open analytic space T ⊆ S such that f˜ |T is a deformation of stable maps (i.e. the stability
condition is an open condition). Hence Proposition 1.2.4 shows that I has dimension at
least χ(Nf ) + dim(Def(X)), c.f. [Har10, Sect. 11]. Since f is unramified, χ(Nf ) = −1,
see [BHT, Lemma 14]. Thus dim(I) ≥ dim(Def(X))− 1 = dim(Def(X,L)).
Since f is an unramified morphism, the fibre of T (X/Def(X), B) → Def(X) over
X is zero dimensional at f , by [BHT, Lemma 14] or [LL, Lemma 2.6]. Note that the
condition that f is unramified everywhere automatically gives us that f |Ck is birational
onto its image for each irreducible component Ck of C by the Hurwitz theorem. Since
pi : T (X/Def(X), B) → Def(X) is proper, pi(I) is a closed subset of Def(X) with di-
mension equal to dim(Def(X,L)). Now, if t : C1 → X1 ∈ T (X/Def(X), B) then B =
t∗(C1) ∈ Pic(X1) ⊆ H2(X1,C) is a (1, 1) class. Thus pi(I) ⊆ Def(X,L). Since Def(X,L)
is irreducible, we see that every irreducible component I of T (X/Def(X), B) surjects onto
Def(X,L) as required.
1.3 The space M
g
0,k
Our first task is to study the space M
g
0,k defined in the introduction to this chapter. We
will show that we gain some flexibility by looking at this space, rather than M g0,k. The space
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M g0,k is a (dense) open subset of M
g
0,k, because there is an open subset of |kL| parametrising
irreducible curves with at worst nodes. Thus the space M g0,k is irreducible precisely when
M
g
0,k is irreducible. So, to study questions about the irreducibility of M
g
0,k, we lose nothing
by studying M
g
0,k instead.
We start by studying the points in M
g
0,k.
Lemma 1.3.1. Let (X,L) be a primitively polarized K3 surface of genus g, and C ⊆ X a
curve in |kL| such that (C,X,L) ∈M g0,k. Then the curve C has rational components.
Proof. This follows immediately from the fact that a limit of rational curves is still rational,
see [Kol96, p. 103].
Definition 1.3.2. We will use the term rational curve to denote any one dimensional, proper
scheme over C with rational components. We do not assume either that C is irreducible nor
that C is reduced.
Let (X,L) be a primitively polarized K3 surface and C ∈ |kL| an arbitrary rational curve.
One may ask whether it is true that (C,X,L) is represented by an element of M
g
0,k. We are
not sure which conditions, if any, would be necessary for a rational curve C to represent a
point in M
g
0,k, but we are able to give one simple sufficient condition which is already quite
useful. Denote by T (X, kL) the moduli stack of genus zero stable maps f : D → X with
f∗(D) ∈ |kL|. We say C ∈ |kL| admits an unramified representative if there is an unramified
map f ∈ T (X, kL) with scheme theoretic image equal to C.
Proposition 1.3.3. Let (X,L) be a primitively polarized K3 surface of genus g and C ∈ |L|
a rational curve admitting an unramified representative. Then (C,X,L) ∈M g0,1.
Proof. From Corollary 1.2.5, f can be deformed to a stable map on a generic K3 surface.
However, a generic K3 surface admits only irreducible, nodal curves in the primitive class
by [Che02]. Further, there is a morphism from the semi-normalization of the relative moduli
space T (X/Wg,L) to M g0,1 by [Kol96, I.6], where we are using the notation of Section ??.
Hence (C,X,L) ∈M g0,1.
1.4 Elliptic K3 surfaces
We start with the following definition:
Definition 1.4.1. Let X be a surface and C be a smooth curve over C. A Weierstrass
fibration is a flat and proper map pi : X → C such that
1. Each fibre is an integral curve with arithmetic genus one.
2. The general fibre is smooth.
3. There is a section S of pi which avoids all nodes and cusps of the fibres.
Furthermore, the Weierstrass fibration is said to be in minimal form in the case that X has
only rational double points as singularities.
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An elliptic K3 surface is a K3 surface X, possibly with rational double points, together
with a minimal Weierstrass fibration pi : X → P1 with section S. Let E be the class of a
generic fibre and consider the linear system |S + gE|.
Lemma 1.4.2. Let X be a smooth, elliptic K3 surface with fibre E and section S. Then
the line bundle S + gE is nef and big for g > 2, and further in this case every divisor D
in the linear system |S + gE| takes the form S +∑gi=1 Fi where Fi are fibres of pi (we allow
repetitions of the fibres).
Proof. The section S is a smooth rational curve on a K3 surface so that (S · S) = −2, and
the curve E is smooth and elliptic so that (E · E) = 0. We have (S + gE · S + gE) =
(S · S) + 2g(S · E) + g2(E · E) = −2 + 2g. Hence S + gE is nef and big for g > 2 and
thus H1(X,O(S + gE)) = 0. The dimension of the linear system |S + gE| is equal to
1
2
(−2 + 2g) + 1 = g by Riemann–Roch. But this is the same as the dimension of the (closed)
subscheme of the projective space |S+ gE| consisting of divisors of the form S+∑gi=1 Fi for
Fi fibres of pi. Hence each element of |S + gE| takes this form.
Note from this proof that (S + gE · S + gE) = 2g − 2. Thus if S + gE is ample and
primitive, we have (X,S + gE) ∈ Wg. The next lemma gives us a simple condition under
which this holds.
Lemma 1.4.3. Let X be a smooth, elliptic K3 surface. Let S be a section of pi and E a
generic fibre. Then the divisor D = S+gE is ample and the associated line bundle O(S+gE)
is primitive, for all g > 2.
Proof. We firstly establish primitivity. Suppose M ∈ Pic(X) is such that Mn = O(S + gE)
for some positive integer n. We have n(M · E) = (Mn · E) = (S + gE|E) = 1, which forces
n = 1 since (M · E) is an integer.
We next establish ampleness. The Nakai–Moishezon criterion says that a divisor D on a
surface X is ample if and only if D2 > 0 and (D ·C) > 0 for each irreducible curve C in X,
see [Har77, p. 365]. Now we have (S + gE · S + gE) = 2g − 2 > 0 for g ≥ 2, and the first
condition is satisfied. Let C be an irreducible curve. Then pi(C) is irreducible, and hence
either pi(C) = P1 or pi(C) = {p} for some point p ∈ P1. In the first case C must meet the
generic fibre E properly, and hence (C ·E) > 0. If C 6= S, then (C ·S+ gE) ≥ (C · gE) > 0.
If C = S we have (S ·S+ gE) = −2 + g > 0, for g > 2. Next assume pi(C) = {p}, i.e. C is a
fibre. We then have C ∼ E (since the fibres are assumed integral) and so (C ·S+gE) = 1 > 0.
Hence D = S + gE is ample.
Now supposeX is a smooth elliptic K3 surface such that all singular fibres are nodal. Note
that, since each fibre is integral of arithmetic genus one, the singular fibres have precisely
one node and are rational. Let the singular fibres be N1, . . . , Nt. The Euler characteristic of
each fibre is χ(Ni) = 1 and further 24 = χ(X) =
∑t
i=1 χ(Ni), from which we see that there
are precisely 24 singular fibres N1, . . . , N24. Every rational curve in |S + gE| has the form
S+
∑24
i=1miNi with
∑24
i=1mi = g. We will show that each of these curves has an unramified
representative.
Proposition 1.4.4. Let X be a smooth elliptic K3 surface, and suppose that each singular
fibre Ni is nodal. Let C ∈ |S + gE| be rational. Then there exists a unramified stable map
f : D → X ∈ T (X,S + gE) representing C.
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Proof. Suppose C has the form S+
∑24
i=1miNi. We construct f as follows. Assume j is such
that mj 6= 0 and let fj,1 : Dj,1 → Nj be the normalization morphism. Now suppose pj1 is a
point on Dj,1 such that fj,1 maps pj1 to the node. Then attach a smooth rational curve Dj,2
to Dj,1 at the point pj1 , and define a map fj,2 : Dj,1 ∪ Dj,2 → 2Nj by demanding that fj,2
is locally biholomorphic, i.e. in a small analytic open set around pj, fj,2 maps Dj,1 and Dj,2
to two separate branches of the node at Nj. Now let pj2 6= pj1 be the other point on Dj,2
which is sent to the node, attach a smooth rational curve Dj,3 to pj2 and define a locally
biholomorphic map fj,3 : Dj1 ∪Dj,2 ∪Dj,3 → 3Nj.
Continuing in this way, we can construct a map fj,mj : Tj := Dj,1 ∪Dj,2 ∪ . . . ∪Dj,mj →
mjNj. Let T0 be smooth and rational, and g0 : T0 → S be an isomorphism. Define a
connected curve D := T0 ∪j Tj where we glue Tj to T0 at the point of intersection between
S and Nj. There is then a unique map f : D := T0 ∪j Tj → C, where the index ranges over
those j with mj 6= 0, such that f |Tj = fj,mj and f |T0 = g0. Note that on each component
I of D, f |I is unramified since the normalization of an integral nodal curve is unramified
and birational. Furthermore, it is clear that f is biholomorphic to its image in an analytic
neighbourhood around all nodes of T . Hence f is unramified. See the figure below.
Figure 1.1: The unramified representative of C ∈ |S + gE| rational
Corollary 1.4.5. Let X be as above. Let C ∈ |S + gE| be rational. Then (C,X, S + gE) ∈
M
g
0,1.
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1.5 Explicit constructions of elliptic K3 surfaces
In this section we will use the theory of Weierstrass fibrations to give some explicit construc-
tions of elliptic K3 surfaces. The starting point of the theory of Weierstrass fibrations is the
Weierstrass equation. Consider the plane curve defined by y2z = x3+axz2+bz3 for a, b ∈ C.
This is called the Weierstrass equation, and it defines a cubic in P2. This cubic is singular
for values of a, b if and only if the discriminant ∆ = −16(4a3 + 27b2) vanishes. When the
discriminant is nonzero, it defines a smooth elliptic curve.
We now wish to define the global Weierstrass equation of a Weierstrass fibration over P1.
Let L := OP1(N) for N > 0, and let (A,B) ∈ H0(L4) ×H0(L6) be pairs of global sections,
such that ∆(A,B) := −16(4A3 + 27B2) ∈ H0(OP1(12N)) is not the zero section. Now
consider the closed subscheme X of P(L⊗2 ⊕ L⊗3 ⊕OP1) defined by y2z = x3 +Axz2 +Bz3
where (x, y, z) is a global coordinate system of P relative to (L⊗2, L⊗3,OP1). Assume further
that for each p ∈ P1, either µp(A) ≤ 3 or µp(B) ≤ 5 (or that both conditions hold). Then
X → P1 is a Weierstrass fibration in minimal form, and conversely any such Weierstrass
fibration can be described in the above way. Further, X is a (possibly singular) K3 surface
precisely when N = 2. The singular fibres of X occur precisely over those q ∈ P1 with
∆(A,B)(q) = 0. For proofs of these facts, see [Mir89, II.5, III.3, III.4].
The above method produces explicit equations for a Weierstrass fibration. In the following
we assume N = 2 since we are only interested in the K3 case. We start by describing the
P2 bundle P(OP1(4) ⊕OP1(6) ⊕OP1) explicitly. Let U0 ' A1 and U1 ' A1 be two copies of
the affine line. Then P1 can be obtained from U0 unionsq U1 be identifying u0 ∈ U0 with u1 ∈ U1
if and only if u0 6= 0 and u1 = 1u0 . Now set W0 = U0 × P2 and W1 = U1 × P2. Then
P(OP1(4) ⊕ OP1(6) ⊕ OP1) is obtained from W0 unionsqW1 by identifying (u0, [x0 : y0 : z0]) with
(u1, [x1 : y1 : z1]) if and only if u0 6= 0 and
u1 =
1
u0
, x1 =
x0
u40
, y1 =
y0
u60
, z1 = z0.
The global sections A ∈ H0(OP1(8)) and B ∈ H0(OP1(12)) can be considered as pairs of
polynomial functions {A0, A1} and {B0, B1}:
A0 : U0 → A1, A1 : U1 → A1
B0 : U0 → A1, B1 : U1 → A1
satisfying A1(u1) = u
8
1A0(
1
u1
) and B1(u1) = u
12
1 B0(
1
u1
). The hypersurface X is then given by
the equations
y20z0 = x
3
0 + A0(u0)x0z
2
0 +B0(u0)z
3
0
on W0 and
y21z1 = x
3
1 + A1(u1)x1z
2
1 +B1(u1)z
3
1
on W1. The above equations make sense, since if (u0, [x0, y0, z0]) satisfy the first equation,
then ( 1
u0
, [x0
u40
, y0
u60
, z0]) satisfies the second equation.
In particular, we can use the above explicit equations to show that certain Weierstrass
fibrations are smooth.
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Proposition 1.5.1. Let a1, . . . , a12 be pairwise distinct complex numbers. Then the Weier-
strass fibration defined by A = 0 ∈ H0(OP1(8)) and B =
∏12
i=1(u0 − aiu1) ∈ H0(OP1(12))
defines a smooth, elliptic K3 surface. We denote this K3 surface by X(ai),0. The fibration
X(ai),0 → P1 has 12 singular fibres, over the points ai ∈ U0 ⊆ P1.
Proof. The discriminant in this case is ∆(A,B) = −432(B2) ∈ H0(OP1(24)) which vanishes
to order two at the 12 distinct points ai ∈ U0, and hence X(ai),0 has 12 singular fibres over
the ai. The surface X(ai),0 is given by the equations
f0 := y
2
0z0 − x30 −
12∏
i=1
(u0 − ai)z30
on W0 and
f1 := y
2
1z1 − x31 −
12∏
i=1
(1− aiu1)z31
on W1. We have
∂f0
∂x0
= −3x20
∂f0
∂y0
= 2y0z0
∂f0
∂z0
= y20 − 3
12∏
i=1
(u0 − ai)z20
∂f0
∂u0
=
1∑
l=1
2
12∏
i=1,i 6=l
(u0 − ai)z30
and then the condition that the ai are pairwise distinct gives that
∂f0
∂x0
, ∂f0
∂y0
, ∂f0
∂z0
, ∂f0
∂u0
and f0
have no common zeroes. Likewise, we have
∂f1
∂x1
= −3x21
∂f1
∂y1
= 2y1z1
∂f1
∂z1
= y21 − 3
12∏
i=1
(1− aiu1)z21
∂f1
∂u1
=
1∑
l=1
2al
12∏
i=1,i 6=l
(1− aiu1)z30
and again the condition that the ai are pairwise distinct gives that
∂f1
∂x1
, ∂f1
∂y1
, ∂f1
∂z1
, ∂f1
∂u1
and f1
have no common zeroes. Hence X(ai),0 is a smooth K3 surface.
Let X → P1 be a Weierstrass fibration defining a possibly singular K3 surface, and let
X˜ → P1 be a minimal desingularization of X. Then X˜ is a smooth, minimal elliptic surface
with section. The possible fibres F of X˜ have been completely classified, see [SS10]. The
type of the fibre F determines the singularities of X. This information is tabulated below:
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Kodaira type of F Description of F χ(F ) Singularity Type of X
I0 smooth elliptic curve 0 none
I1 irreducible, nodal rational
curve
1 none
IN , N ≥ 2 cycle of N smooth rational
curves, meeting transver-
sally
N AN−1
I∗N , N ≥ 0 N + 5 smooth rational
curves meeting with dual
graph DN+4
N + 6 AN−1
II a cuspidal rational curve 2 none
III two smooth rational curves
meeting at a point of order
two
3 A1
IV three smooth rational
curves meeting at a point
4 A2
IV ∗ seven smooth rational
curves meeting with dual
graph E˜6
8 E6
III∗ eight smooth rational
curves meeting with dual
graph E˜7
9 E7
II∗ nine smooth rational curves
meeting with dual graph E˜8
10 E8
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Proposition 1.5.2. Let (A,B) ∈ H0(P1,O(8)) ×H0(P1,O(12)) be data defining a Weier-
strass fibration in minimal form. Assume that the discriminant ∆ = −16(4A3 + 27B2) ∈
H0(OP1(24)) vanishes in 24 distinct points of P1. Then the Weierstrass fibration X is a
smooth K3 surface.
Proof. Let X˜ be the minimal desingularization of X, this is then a smooth K3 surface.
From the fact that the discriminant vanishes in 24 points, X˜ must have 24 singular fibres,
F1, . . . , F24. Further, 24 = χ(X˜) =
∑24
i=1 χ(Fi), since X˜ is a smooth K3 surface. Hence each
Fi must have χ(Fi) = 1 and by the above table must be an irreducible, nodal rational curve.
Again from the above table, X has no singularities, and thus is already smooth, so that
X˜ ' X.
Example 1. Let (ai) = (a1, . . . , a12) ∈ C12 be an ordered tuple of 12 pairwise distinct points
of C, and let K = reiθ be a nonzero complex number, with r ∈ R, 0 ≤ θ < 2pi. Define
δ := − 3
√
27
4
∈ R and 3√K2 = 3√re 2θi3 with 3√r ∈ R. Let x0, x1 be homogeneous coordinates
for P1 and let
α =
12∏
i=1
(x0 − aix1) ∈ H0(OP1(12))
A =
3
√
K2δx81 ∈ H0(OP1(8))
B = α +Kx121 ∈ H0(OP1(12)).
Then A vanishes to order eight at [1 : 0] whereas B does not vanish at [1 : 0], so the
condition that either µp(A) ≤ 3 or µp(B) ≤ 5 is met. Further ∆(A,B) = −432(−K2x241 +
(α + Kx121 )
2) ∈ H0(OP1(24)) which does not vanish identically. Thus the Weierstrass data
(A,B) defines a minimal Weierstrass fibration X(ai),K → P1, such that X(ai),K is a K3 surface
with at most rational double point singularities. If we further assume that the form α+2Kx121
vanishes in 12 distinct points of p1, . . . , p12 ∈ P1, then ∆(A,B) vanishes at the 24 distinct
points a1, . . . , a12, p1, . . . , p12 (the pi are distinct from aj by the assumption K 6= 0). Hence
by the above proposition we then have that X(ai),K is a smooth K3 surface.
1.6 Connectedness of the space M
g
0,1
In this section we prove that the space M
g
0,1 is connected. We firstly simplify our notation
by fixing g and dropping the reference to the line bundle T + gE on an elliptic K3 surface.
Definition 1.6.1. Let X → P1 be a smooth elliptic K3 surface and C a curve with rational
components in |S+gE|, where S denotes the section and E the generic fibre. Then we define
[C,X] := (C,X, S + gE) ∈ |L|, where |L| → Wg is defined in Section ??.
Let (ai) = (a1, . . . , a12) ∈ C12 be an ordered tuple of 12 pairwise distinct points of
C, define p(t) :=
∏12
i=1(t − ai) and assume K is such that p(t) = −2K has 12 distinct
solutions. Consider the smooth, elliptic K3 surface X(ai),K from Example 1. We then have
[C,X(ai),K ] ∈M
g
0,1 by Corollary 1.4.5. Let pi : X(ai),K → P1 be the Weierstrass fibration and
denote by Nai the fibre of pi over ai. Then Nai is a nodal rational curve.
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Lemma 1.6.2. Let σ ∈ S12 be a permutation and let (m1, . . . ,m12) be any collection of
12 nonnegative integers such that
∑
mi = g. Then there is a path in M
g
0,1 from [S +∑
miNai , X(ai),K ] to [S +
∑
miNσ(ai), X(ai),K ].
Proof. First note that from the construction of X(ai),K we clearly have X(ai),K = X(σ(ai)),K .
Now let Y ⊆ C12 be the open subvariety consisting of pairwise distinct tuples (bi), this is
obtained by removing all diagonals. Since Y is irreducible, hence connected, there is a path
γ(t) ∈ Y with γ(0) = (ai) and γ(1) = (σ(ai)). For any nonzero K ∈ C, and for fixed integers
(m1, . . . ,m12) adding to g, we can define a morphism
HK,(mi) : Y →M
g
0,1
(bi) 7→ [S +
∑
miNbi , X(bi),K ].
The composition HK,(mi) ◦ γ(t) is then our required path.
We set αn := e
piin
6 for n = 1, 2, . . . , 12. These are the 12 distinct roots of t12 − 1. Note
that t12 − 1 = −2K has 12 distinct roots so long as K 6= 1
2
, and so X(αi),K is a smooth K3
surface with 24 nodal fibres so long as K 6= 0, 1
2
. We now investigate the smooth elliptic K3
surface X(αi),0 from Proposition 1.5.1. The associated Weierstrass fibration has 12 irreducible
singular fibres (which are all cuspidal, rational curves) over αi. In keeping with the above
notation, denote the singular fibre over αi by Nαi .
Lemma 1.6.3. Let σ ∈ S12 be a permutation and let (m1, . . . ,m12) be any collection of 12
nonnegative integers such that
∑
mi = g. Then [S +
∑
miNαi , X(αi),0] ∈ M
g
0,1, and further
there is a path in M
g
0,1 from [S +
∑
miNαi , X(αi),0] to [S +
∑
miNσ(αi), X(αi),0].
Proof. We can write [S +
∑
miNαi , X(αi),0] ∈ |L| as a limit [S +
∑
miNαi , X(αi),t] ∈ M
g
0,1
as t 7→ 0 (for t ≤ 1
2
). Since M
g
0,1 is closed in |L| it follows that [S +
∑
miNαi , X(αi),0] ∈
M
g
0,1. Further, this shows that there is a path in M
g
0,1 between [S +
∑
miNαi , X(αi), 14
]
and [S +
∑
miNαi , X(αi),0] and likewise a path between [S +
∑
miNσ(αi), X(αi), 14
] and [S +∑
miNσ(αi), X(αi),0]. But from Lemma 1.6.2 there is a path from [S +
∑
miNαi , X(αi), 14
] to
[S +
∑
miNσ(αi), X(αi), 14
], so putting these three paths together we get the required path
from [S +
∑
miNαi , X(αi),0] to [S +
∑
miNσ(αi), X(αi),0].
The next step is to connect any rational curve C in X(αi),0 to the non-reduced rational
curve S + gNα1 .
Lemma 1.6.4. Notation as above. Let [C,X(αi),0] ∈ M
g
0,1. There is a path in M
g
0,1 from
[C,X(αi),0] to [T + gNα1 , X(αi),0].
Proof. Let αn := e
piin
6 , n = 1, 2, . . . , 12 be the 12-th roots of unity. We have that C =
S+
∑12
i=1miNαi with
∑
mi = g. Due to Lemma 1.6.3, we may assume m1 ≥ m2 ≥ . . . ≥ m12.
If m2 = 0 then we are done, so assume this is not the case. For K close to zero, let β(K) be
a continuous choice of solutions to t12 = 1− 2K such that β(K)→ 1 as K → 0. Let CK be
the rational curve
S +m1Nα1 +Nβ(K)α2 + (m2 − 1)Nα2 +
12∑
i=3
miNαi ∈ X(αi),K
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where we have extended out notation so that Nγ denotes the singular fibre over γ for those
γ ∈ C with either γ12 = 1 or γ12 = 1− 2K. Then
[CK , X(αi),K ] −→ [C,X(αi),0] ∈M
g
0,1 as K → 0.
Now let DK denote the rational curve
S +m1Nα1 +Nβ(K)α1 + (m2 − 1)Nα2 +
12∑
i=3
miNαi ∈ X(αi),K
and let C ′ denote the curve C +Nα1 −Nα2 in X(αi),0. We have
[DK , X(αi),K ] −→ [C ′, X(αi),0] ∈ D as K → 0.
It is enough to show that there is a path from [CK , X(αi),K ] to [DK , X(αi),K ], since we would
then have a path from [C,X(αi),0] to [C
′, X(αi),0], and repeating the process leads to the
desired path.
We now finish the proof by constructing a path from [CK , X(αi),K ] to [DK , X(αi),K ] for
small but fixed K. Set ψ(s) = e
piis
6 and consider X(αi), 12 (1−(ψ(s)β(K))12), which for s = 0 and
s = 1 is just X(αi),K . Setting
F (s) = S +m1Nα1 +Nψ(s)β(K)α1 + (m2 − 1)Nα2 +
12∑
i=3
miNαi ⊆ X(αi), 12 (1−(ψ(t)β(K))12)
we have that φ(s) := [F (s), X(αi), 12 (1−(ψ(s)β(K))12)] ∈ M
g
0,1, and F (0) = DK , F (1) = CK .
Hence [0, 1]→M g0,1, s 7→ φ(s) gives the required path from [CK , X(αi),K ] to [DK , X(αi),K ].
We now come to our main result.
Theorem 1.6.5. The space M
g
0,1 is connected.
Proof. Let Wg be the open subscheme of the Hilbert scheme parametrising genus g polarized
K3 surfaces (X,L). Then we have a proper projection map p : M
g
0,1 → Wg, which is smooth
when restricted to M g0,1. Now let I be an irreducible component of M
g
0,1. Then I = I0 is
the closure of an irreducible component I0 of M
g
0,1 in |L|, and since p|Mg0,1 is flat and Wg is
irreducible, p(I0) = Wg. Thus p(I) = Wg, since p is proper.
In particular, each connected component B of M
g
0,1 must contain at least one point of the
form [C,X(αi),0] for C a curve with rational components in |S + gE|. But then by the above
lemma B contains all such points. Since this applies to each connected component, and the
connected components are pairwise disjoint, there can only be one connected component.
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Figure 1.2: Deforming a curve C on a elliptic K3 surfaceX of genus g = 3 to [S+gNα1 , X(αi),0]
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Appendix A
The non-rational case
In this section we use the Hilbert scheme of points to give a proof of the irreducibility of
Vh(X, kL) for curves with high geometric genus h. Let S be a smooth projective surface.
We denote by S[n] the Hilbert scheme of zero dimensional closed subschemes of S of length
n. This is a compactification of the space of all unordered n-tuples of distinct points in S.
Then S[n] is a smooth, irreducible, projective variety of dimension 2n. For an introduction
to the Hilbert scheme of points, see [Leh99, Ch. 1.1].
Let S[3m] denote the Hilbert scheme of points of length 3m. Let Im ⊆ S[3m] denote the
closure of the set with elements of the form
∐m
i=1 Spec(Oxi/m2S,xi) for x1, . . . , xm distinct
points in S. Then Im is birational to the space S
[m], by mapping a subscheme Z to its
reduction. Hence Im is irreducible. This space is important to us for the following reason.
Let L ∈ Pic(S) be a line bundle, and s ∈ H0(S, L) a global section with D = Z(s) the
divisor of zeroes. Then D has at least m distinct singularities exactly when there exists
some [Z] ∈ Im of the form
∐m
i=1 Spec(Oxi/m2S,xi) with x1, . . . , xm distinct and such that
s|Z = 0. These singularities are generically nodes, but they may be worse.
We now recall the notion of a k very ample vector bundle. A vector bundle L ∈ Pic(S)
is said to be k very ample if for each zero-dimensional subscheme Z ⊆ S of length k+ 1, the
restriction morphism
H0(S, L)→ H0(S, L⊗OZ)
is surjective. One can show that if L is k very ample for k ≥ 1, then L⊗n is kn very ample.
For more on this topic, see [Goe97, Ch. 5].
Let L ∈ Pic(S) be a 3k − 1 very ample line bundle. Consider the closed subvariety
Nm ⊆ Im×P(H0(L)) which parametrises pairs (Z, s) with s|Z = 0. This can be constructed
as a projective bundle over Im with fibre over [Z] isomorphic to P(Ker(H0(S, L)→ H0(S, L⊗
OZ))). The latter is a constant dimensional projective space from the assumption that L is
3k− 1 very ample. Let Z ⊆ Im × S be the universal closed subscheme associated to Im and
consider the diagram
Im × S p−−−→ S
q
y
Im
where p and q are the projections. Define E := q∗(Ker(p∗L → p∗L ⊗ OZ)). Then E is a
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vector bundle on Im and Nm is defined at Proj(Sym(E∗)), where E∗ is the dual bundle to
E . Since Im is irreducible, we see that Nm is also irreducible. Indeed, Nm → Im is a flat,
surjective morphism with irreducible fibres.
To simplify the notation, we define V m(S, kL) as the Severi variety of irreducible curves
C ⊆ S in the linear system |kL| with exactly m nodes, so that V1+k2(g−1)−m(S, kL) =
V m(S, kL).
Theorem A.0.6. Suppose S is a projective surface and L ∈ Pic(S) is 3k − 1 very ample.
Then the Severi variety V m(S, L) of irreducible curves C ⊆ S in the linear system |L| with
exactly m ≤ k nodes and no other singularities is irreducible.
Proof. In fact V m(S, L) is the open set of Nm parametrising irreducible curves with exactly
m nodes.
The next proposition studies the k amplitude of ample vector bundles on generic K3
surfaces of genus g. Note that the generic K3 surface S has Pic(S) ' Z. Let L be an ample,
primitive line bundle on S, then (L · L) = 2g − 2. Any curve in the linear system |kL| has
arithmetic genus pa = 1 + k
2(g − 1).
Proposition A.0.7. Let S be a K3 surface with Pic(S) ' Z, and let L ∈ Pic(S) be an
effective generator of Pic(S). Suppose (L · L) ≥ 4k. Then L is k very ample.
Proof. This follows from the criterion of [Knu01, Thm 1.1], since for any effective line bundle
D ∈ Pic(S) we have D ∼ mL for some m ≥ 1 and so 2(D ·D) > (D · L).
Corollary A.0.8. Let S be a K3 surface of genus g with Pic(S) ' Z, and let L ∈ Pic(S)
be an effective and primitive line bundle. Then Vh(S, kL) is irreducible or empty for h ≥
k(6k−1)(g−1)+4
6
.
Proof. Suppose h ≥ k(6k−1)(g−1)+4
6
. Let n be the number of nodes of irreducible, nodal curves
in the linear system |kL| and let pa be the arithmetic genus of the curves in the system.
Then
n ≤ pa − k(6k − 1)(g − 1) + 4
6
=
6 + 6k2(g − 1)− k(6k − 1)(g − 1)− 4
6
=
2 + k(g − 1)
6
.
On the other hand L is (L·L)
4
very ample so kL is k(L·L)
4
= k(g−1)
2
very ample. Hence L is at
least 3n− 1 very ample.
Remark. A stronger inequality is proven in [Kei03, Cor. 2.6] in which irreducibility holds
when the number of nodes is of the order k2(L · L), rather than k(L · L). The proof uses
more sophisticated methods.
Corollary A.0.9. The moduli space M gh,k of tuples (C, S, L) with (S, L) a primitively po-
larised K3 surface of genus g and C ∈ |kL| an irreducible, nodal curve of genus h is irreducible
for h ≥ k(6k−1)(g−1)+4
6
.
23
Proof. We have a flat map M gh,k → Wg where Wg is the moduli space of embedded, primi-
tively polarised K3 surfaces. In fact, this map is even smooth, by the argument of [FKPS08,
Prop. 4.8]. By Corollary A.0.8 the generic fibre is irreducible so the result follows.
This result is particularly interesting when k = 1, i.e. we are looking at curves in a
primitive class. In this case we have established irreducibility of M gh,1 in the range
5g−1
6
≤
h ≤ g. So we have proven the result for top 1
6
of the allowed values for the geometric genus
of the curves.
24
Bibliography
[AK03] C. Araujo and J. Kolla´r, Rational curves on varieties, Higher Dimensional Vari-
eties and Rational Points (Budapest 2001), vol. 12, Springer-Verlag, Berlin, 2003.
[And96] Y. Andre´, On the Shafarevich and Tate conjectures for hyperka¨hler varieties,
Math. Ann 305 (1996), 205–248.
[AV02] D. Abramovich and A. Vistoli, Compactifying the space of stable maps, J. Amer.
Math. Soc 15 (2002), 27–75.
[Bea97] Arnaud Beauville, Counting rational curves on k3 surfaces, 1997.
[BHT] F. Bogomolov, B. Hassett, and Y. Tschinkel, Constructing rational curves on K3
surfaces, arXiv:0907.3527v1.
[CC99] L. Chiantini and C. Ciliberto, On the Severi varieties of surfaces in P3, J. Alge-
braic Geom 8 (1999), 67–83.
[CD] C. Ciliberto and T. Dedieu, On universal Severi varieties of low genus K3 surfaces,
arXiv:1009.3360v1.
[Che] X. Chen, Self-rational maps of K3 surfaces, arXiv:1008.1619v1.
[Che02] , A simple proof that rational curves on K3 are nodal, Math. Ann. 324
(2002), 71–104.
[Ded09] T. Dedieu, Severi varieties and self-rational maps of K3 surfaces, Internat. J.
Math. 20(12) (2009), 1455–1477.
[FKPS08] F. Flamini, A. L. Knutsen, G. Pacienza, and E. Sernesi, Nodal curves with general
moduli on K3 surfaces, Comm. Algebra 36(11) (2008), 3955–3971.
[Goe97] L. Goettsche, A conjectural generating function for numbers of curves on surfaces,
1997, arXiv:alg-geom/9711012v1.
[Gro65] A. Grothendieck, E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas
et des morphismes de sche´mas. II., Inst. Hautes E´tudes Sci. Publ. Math. 24
(1965), 231pp.
[Har77] R. Hartshorne, Algebraic geometry, Springer, New York, 1977.
25
[Har86] J. Harris, On the Severi problem, Invent. Math. 84(3) (1986), 445–461.
[Har10] R. Hartshorne, Deformation Theory (Graduate Texts in Mathematics, 257),
Springer, New York, 2010.
[Kei03] T. Keilen, Irreducibility of equisingular families of curves, Transactions of the
American Mathematical Society 355(9) (2003), 3485–3512.
[Knu01] A. L. Knutsen, On kth-order embeddings of K3 surfaces and Enriques surfaces,
Manuscripta Mathematica 104 (2001), 211–237.
[Kol96] J. Kolla´r, Rational Curves on Algebraic Varieties, Springer-Verlag, Germany,
1996.
[Leh99] M. Lehn, Chern classes of tautological sheaves on Hilbert schemes of points on
surfaces, Invent. Math. 136 (1999), 157–207.
[Liu02] Q. Liu, Algebraic Geometry and Arithmetic Curves, Oxford University Press,
United Kingdom, 2002.
[LL] J. Li and C. Liedtke, Rational curves on K3 surface, arXiv:1012.3777v1.
[Mir89] R. Miranda, The basic theory of elliptic surfaces, ETS Editrice, Pisa, 1989.
[Ols04] M. C. Olsson, Semi-stable degenerations and period spaces for polarized K3 sur-
faces, Duke Math. J 125(1) (2004), 121–203.
[Ran89] Ziv Ran, Deformations of maps, Algebraic Curves and Projective Geometry
(Edoardo Ballico and Ciro Ciliberto, eds.), Lecture Notes in Mathematics, vol.
1389, Springer Berlin / Heidelberg, 1989, 10.1007/BFb0085936, pp. 246–253.
[SS10] M. Schu¨tt and T. Shioda, Elliptic surfaces, Algebraic geometry in East Asia -
Seoul 2008, Advanced Studies in Pure Mathematics 60 (2010), 51–160.
[Tan80] A. Tannenbaum, Families of curves with nodes, Compositio Mathematica 41(1)
(1980), 107–126.
[Tan82] , Families of curves with nodes on K3 surfaces, Math. Ann 260 (1982),
239–253.
[Tes05] D. Testa, The Severi problem for Rational Curves on del Pezzo surfaces, Ph.D.
thesis, Massachusetts Institute of Technology, 2005.
26
